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Proton Transport in Hydrogen-Bonded Chains
in the Presence of an External Field
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The motion of a kink pair consisting of kink soliton in different sublattices in hydrogen-
bonded chains in the presence of an external force and damping is discussed based on
a new soliton model. The scattering cross-section of a kink pair for an electromagnetic
wave and the mobility of a kink pair are found.

The soliton phenomena were first observed by Scott Russell (1838). The dy-
namics of proton transfer along hydrogen-bonded molecular chains is an extremely
interesting and important scientific problem. The one-component soliton model
for proton transport in hydrogen-bonded molecular chains has been investigated by
a number of authors (Kashimagi al,, 1982; Xu, 1990). Considering the influence
of motion of the heavy ions sublattice on the proton sublattice, the two-component
soliton model (ADZ model) was suggested by Antoncheeikal. (1983). In their
model, they consider the kink excitation in the proton sublattice and the bell-shape
excitation in the heavy ions sublattice. Both of these nonlinear excitations propa-
gate along the lines of chain with the same velocity as the characteristic speed of
sound of the heavy ions sublattice. Recently Pang proposed a new two-component
soliton model for proton transport in hydrogen-bonded chains (Pang afidrivi”
Kirsten, 2000). In this model, the nonlinear excitation in the proton sublattice
and in the heavy ions sublattice are kink excitations. But it is not necessary that
the velocity of kinks be equal to the characteristic speed of sound of the heavy
ions sublattice. In the present paper, we discuss the motion of the kink pair in the
presence of an external force and damping basing on the Pang model (Pang and
Muller-Kirsten, 2000). We investigate the scattering of an electromagnetic wave
by a kink pair and show that scattering by a kink pair of an electromagnetic wave
of high frequency is similar to Thomson scattering of a free electron. Further-
more, the expression for the mobility of the kink pair is found. Good agreement is
obtained with the experimental data (Gordon, 1987, 1988, 1989).
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We consider here a new model Hamiltonian of the hydrogen-bonded molec-
ular systems (Pang andWMér-Kirsten, 2000)

H = Hp + Hy + Hin (1)
where
Hp=Z{%Pi2+%mwgui2—%mwfuiUiJrl—l-U(Ui)} 2)
.
and
o 2
uw) = 3u(1- (5 )) @
Hh = Z {% P?+ %ﬂ(l)i - ,Oi—l)z} (4)
i

1
Hint = Z {mel(PiH — pi—1)UZ + Mo +1 — pi)Ui Ui+l} (5)

whereH, is the Hamiltonian of the proton sublattice. Hereand p; = mu; are

the proton displacements and momenta, respectirelythe mass of the proton,

U (u;) is the proton potential energy in each hydrogen bapds the distance along

the chain from the top of the barrier to one of the minima in the double-well poten-
tial. A = 2ug is the distance between the two minima. The quargityofui Uil
shows the correlation interaction between neighbouring protons caused by the
dipole—dipole interactionsyg andw; are diagonal and nondiagonal elements of
the dynamical matrix of the proton, respectivaty, is the Hamiltonian of the
heavy ionic sublattice with low-frequency harmonic vibratipnand P, = M p;

are the displacement of the heavy ion from its equilibrium position and its conju-
gate momentum, respectivel, is the mass of the heavy iogg = | (8/M)¥? is

the velocity of sound in the heavy ionic sublattice, higthe lattice constanH;

is the interaction Hamiltonian between the protonic and the heavy ionic sublattices,
X1 andx, are coupling constants between the proton and the heavy ion sublattices.
In the continuum approximation with the long-wavelength limit (Pang antev
Kirsten, 2000), this Hamiltonian can be replaced by a continuum representation

© dx 1 1 1 1
H= / T ”Emuer Emwguz — Ema)fu<u +luy + Elzuxx>

1u1 u Yy 1|\/|21|22 loxu?t (6
“FZ 0( _<U_O>>:|+<§ ,0t+§,3 ,0X>+m(X1+X2),OxU} (6)

wherel is the lattice spacing ana(x, t) andp(x, t) are the displacement fields of
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the proton and the heavy ion, respectively. The Lagrangian density of the system
corresponding to Eq. (6) can be written as

L=T-U

1 1 1 1 1
= Emul2 + EMpE - Ema)guz + Ema)fu : (u + luy + Elzuxx)

2

1 1
—Zu{1—<%))—§m%§—muy+nm»m (7)

The Euler-Lagrange equations of motion from (6) and (7) are
2
mus(w u
MUt = Mulyy — 2M(Xg 4 X2)l pxU + ( U‘z)( 100 <_)> ©)
O

Uo

Mpy = Bl prx + 2m(xg + xz)luuy %)

wherev? = 21202, vy is the characteristic velocity of the proton.

Using the variable transformation= x — vt and integrating Eq. (9), we
may reduce Egs. (8) and (9) to the following equation (Cheng, 2000; Halding and
Lomdahl, 1988)

Uy +au—rud=0 (10)

where

U
—% —2g(x1 + %o)|

mug
Uo 2(X1 + x2)2m|2
myg  Mc3(l-s?)

hereg is an, as yet, undetermined integration constant sadv/cy. When
£>0,G>0,and < v < v1,0< v < cg, EQ. (10) have kink soliton solution
(Cheng, 2000),

u= i(é)l/z tanr{(z(u%_vz))l/z(x — ut)} (12)

From (9) and (12) we obtain

N2+ xg)ml 2\71/2 e Y?
p = P gl )] xtanl-{<72(vf_vz)> (x—ut)]

(13)

_ 2
& =w; —wy+

G= (11)
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2
Here we choosg = %, if we further set

_ V2(x1 + x2)ml (Uf - U2>1/2 (14)
Mc3(1 — s?) G
(13) becomes
p=hbu (15)

We see from (12)—(15) that, in the cas& v; andv < ¢y, if the nonlinear exci-
tation in the proton sublattice is the kink (antikink), then the nonlinear excitation
in the heavy ion sublattice is the antikink (kink) soliton. They propagate along the
hydrogen-bonded chains in pairs with the same velocity.

In the presence of an external force and damping, the equations of motion (8)
and (9) are replaced by the following equations (Peyreted., 1987):

Uopu mu(w? — w? u?

U — V2Uxx + 201+ X)lUpyx — —5 | 1+ mub(e: ~ o) -2

mU% Uo ug

Fi
=T — — 16
e — (16)
2(Xg + X2)ml F

Pt — Cgpxx - %qu = —T20t — MZ 17)

whereF; andF; are the external forces on the proton and the heavy ion, respec-
tively. I'; andI", are the damping coefficients for the proton and heavy-ion motion,
respectively.

It is usually considered that the effect of an external force and damping on a
kink will only lead to a little variation of the velocity of the kink but the waveform
of the kink will not be changed. From (12)—(15) and the appropriate boundary
conditions we find the momentum of the kink pair to be

1 oo
P=—1 [ (muuct Mapy) dx (18)
From Egs. (18), (16), and (17) and considering the boundary conditions, as,
dp 2F (& \/?
— = TP — TPyt — | = 1
T 1P — T2 Pak + I (G) (19)
where
F=F +bk (20)
Pk is the momentum of the protonic kink soliton,
Pk=—|mf Uete dx = m*v (21)
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2 m 3/2
m* = \/——81/2 (22)
3(v2 — v2)Gl
m* is the effective mass of the kink in the proton sublattieg.is the momentum
of the antikink in the heavy-ion sublattice,

oo

Pak = pxpr dx= M*v (23)

I

2\/§sz 3/2
3(v? - v?)’%Gl

M* is the effective mass of the antikink solitdd.is the momentum of the kink
pair,

*

(24)

P = P+ Pac = (M" + M*) = MZ,v (25)
Mgy, = m* + M* (26)

Mg, is the effective mass of the kink pair.
Substituting Egs. (21)—(26) into (19), we obtain the equation of motion of the
kink pair in the presence of an external force and damping.

dv 2F [ ¢ }/?
27
dt A M:oll ( ) ( )
where
d Mz
rim* + MpM* + —39 28
A= M;m(l + T +dt> (28)

Itis difficult to solve Eq. (27), we discuss only the case whekg v; andv « co.
Under this apprOX|mat|orb G, e, MZ, and A can be regarded as constants and
be written bybg, Go, €9, M, andAg, for example

V2(x1 + X2)mluy

solv

=— 29
by N (29)
U 2 ml?
Go= —2 — % (30)
mug Mc3
Ao = (Flm +T'>M¥) (31)

Equation (27) becomes

dv 2F [ & V/?
= 0 32
gt oV = MO*I(GO> (32)

sol
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We now discuss the scattering of the kink pair for an electromagnetic wave.

We assume that the velocity and the displacement of the kink pair are very
much lessthan the speed of light and the wavelength of the incident electromagnetic
wave, respectively, and the incident electrical field is writtenEby= Ee "%,
whereE,, and 2 are the amplitude and the frequency of the incident electrical
field respectively. In this case, influence of the incident magnetic field on the kink
pair can be neglected. Thus Eg. (32) becomes

dv 26" Em (g0 V2 o
dv _fEm( L) g 33
dt V= oy (Go> (33)

sol

whereF = e*Ene ' = (e; + boe) Eme ™', €, ande, are the effective charges
of the kink in the proton and in the heavy ion sublattice, respectively.
From Eg. (33), we get the acceleration of the kink pair,

* 1/2
a_ d_U _ 2€ QEm (ﬂ>/ e—i(Qt7¢+%) (34)
- - " 1/2
dt M (A3 +92)"*\Go
Here

tan —Q
(p_/\o

The accelerated kink pair will produce electromagnetic radiation. The average
power of the electromagnetic wave scattered by a kink pair, obtained from

Eq. (34),is

292 <4

— A <ﬂ> lo (35)
3re2ct M2 (AE +92) \ Go

wheres is the dielectric constant,is the speed of lighty = %ec E2 is the average
energy flow of the incident electromagnetic wave. Thus we obtain the scattering
cross-section of the kink pair for an electromagnetic wave,

W 292 x4
oW e ( i ) (36)

lo ~ 3re2cAMEA2(n2 +Q7) \ Go

In the limit of low frequency, that isR < Ao, EQ. (36) is given by

2024 £o
A ) 37
’ 3n82c4M0*2|2Ag(Go) (37)

sol

namely the scattering cross-section is directly proportion§%o
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In the limit of high frequency, that i£2 > Ao, EQ. (36) is written as

. 2e+4 < £o >
© 3re2ctM&212\ G

8
= énrsz (38)
This is just the Thomson scattering cross-section,
where
2e*? g0 V2
m( ’) 59

is the effective scattering radius of kink pair. Therefore, the kink pair is much like
the free electron for the case of scattering of an electromagnet wave with high
frequency.

When the frequency of the external electrical field is equal to the zero, namely,
the system is subjected to a constant electrical field with strefgtithis case,
F = e'E = (e; + bo&) E. Equation (32) becomes

dv 2¢'E /2
a = () “0)
The solution of Eq. (40) is
2¢°E (&0 \/?
t) = v(0)e "' + ————( — 1— et 41
o = o0+ = (8] e (@1)

Hereuv(0) is the initial velocity. Whern — oo, we get

26°E (&0 \/?
v =y i) =om @2

sol

wherev,, is the power balance velocity at which the power input to the system is
just balanced by the power loss due to dissipation (Mclaughlin and Scott, 1978).
Thus we obtain the mobility of the kink pair,

2e1(1+bo2) <&>1/2

(Flm* + FzM*)' (43)

M:

Equation (43) can be written as

&
- 1+ bg—= 44
w qu( + bo > (44)
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where

0 I'im Uo

3ev; (Go)?
- =0 46
o rlme<80> (46)

Q= (1 + bzw>l(1 - mU—L%(wS — o) - 200 + )Mt XZ)mU%y (45)
0

Here ug is the mobility of the kink in the one-component solition model (Xu,
1990). Computed to the first (linear) approximation of coupling constaand
X2, EQ. (44) becomes

V2(x1 + xp)el mUli| a7

VGoerMc3

This equation imply that the influence of motion of the heavy ions and the coupling
between the two sublattices is to reduce the mobility.

We have chosen the following set of model parameters for ice (Gordon,
1987, 1988, 1989; Pang andulEr-Kirsten, 2000; Xu, 1990)m = m,, M =
100my, Ug = 10ev,u; = 10 ms ™, cg = 0.1y, A = 2Up, A = 0.367-0.78%,
| =5A, x; =3x10"ms2 x,=02x10%ms L, Ty =6 x 10857, vy =
3250 cntt ande; = 1.5e, whereeis the protonic charge. The calculations accord-
ing to Egs. (46) and (47) give = (3.0-64) x 102 cn?s~tv~1. These values
are close to the observed ope= 7.5 x 102 cn?s *v—! (Gordon, 1987, 1988,
1989).

In summary, we have studied Dynamic properties of proton transfer in hy-
drogen bonded chains in presence of an external force and damping, using a new
two-component soliton model. We also investigated the scattering by a kink pair of
an electromagnetic wave and show that scattering by a kink pair of an electromag-
netic wave of high frequency is similar to Thomson scattering of a free electron.
We have found the scattering cross-section of a kink pair for an electromagnetic
wave and the mobility of a kink pair. The calculated mobility is in satisfactory
agreement with the experiment.

m= uo[l—
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